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RECALL :

* gravitational MHD equations are conservation laws :
&
of [quantity] + 1) flux of quantity] = 0

* conserved quantities are mass
,
momentum

, energy

I continuity equation :
4+5 + Ojgrj = 0/

D = + (0 .B) f = -5 To

Navier-Stokes equation : It Si + bjTij = 0

D= +(u = -be+ +Tg(b)B -N

energy equation : dQ = dU + dW 14 law of TD

= Le = T**



Note for completeness : full energy equation for MHD

with enthalpy-heatfunctionals + h+ + digi = n = 5(e + i)
and energy flux i

qi = 9/thui - edit-eijnj+ EijkEjBK
-e n-

temperature internal Foynting rector
gradials stress

for self-gravity : add 90 to energy density and s6v; to flux
⑲°

* needs closure eq
nations :
C -

d c
2 -

2B + x/x5)-magnetic field :

of To T
induction equation

-self-gravity: F = 44GS Poisson equation

-hydrodynamisc : B = B(g ,T) equation of state



* more on equation of state :/

ideal gas EOS : I = E . ST
rus

with K = Boltzmann constant = 1
,
38 . 10 erq/k

mp = proton mass = 1 ,67 . 10-24g
e = mean molecular weight (depends on medium)

-barotropic EOS 1 = 4/s)

- note : both tos descriptions can be valid ; This

implies an implicit relation between ,
and T

a polytropic EOS E = kgV

V = polytropic exponent = specific heat at =cust C'p
I --

specific heat at Vicoust . Cr



I recall that for monoatomic gases (only
translational degrees of freedom) :

Cp = Cr + k per gas particle

We have dp = Ek & C = K
2

↳
= 5/

~ this is often called adiabatic EOS

I = <g
513 (no heat exchange)

relation between pressure and internal energy
I = (r - 1) e linvalid for y= 1)

Lisothermal EOS : V= & K =< # E=S



ESQ
.. classically : achieved by perfect
coupling with external heat bath

· astrophysics : coupling to internal

degrees of freedom

example :
ESM at z = z0

adiabatic
behavior

1 log T [K] air
tically agOft
thin -

L latent heat needed

for breakingHe
bond

3- leads to sab-adiabatic
adiabatic behavior

coolingregive behavior
te to CO,C,

+

2 -

coupling Thick to
to dust optically

Thermal radiation

T= 1
&

1 =

I >
I i lo is zo

logn [cui3]



example : primordial gas /z = 0)

from Kressen &Glover/2023 , ARAA , 01 ,05)



& implicit relation between T and n :

8 = I + A n

I effective equation of state :
LD solve for I = KgY and neglect energy

equation

I alternative :

-solarfor#Fatp
. Ta

-

pick correct d



* excursion : how to compute mean mod
. Weight ?

in (partially) imized gases /of mixede
composition) ins electrons contribute

equally to the pressure , but not
to the mass

- The "correction" factor is called
mean molecular weight e
distingwish between hydrogen X , heliumY,
and all heavier elements/metals) z , with

X
, Y, z being mass fractions &

↳ X + Y +2 = 1



-in fully ionized plasma
.. hydrogen contributes

ad helium contributestekerunikuslitel
note : Helium has 2 protons/z= 2)[and 4 nuclei /A = 4)

* metals contribute trons /1 per proton)

and therearetypicallyasmany
mossee

LD Ni + A

..

the mass of a nuclear (pt or no) is

mp = 1 , 67
. 18-24
g

note: for the Sun the
average mass

of all metals is 216
up - *

~ 16.
.

-



- the number density of nuclei in solar-pe star isty
①

ni = p[X + 4 y + 5 z]

similarly , the number density of elections

ne
= p[X + Ey + Ez]

from V : Ie' ; Y : E- ; z : - =I per muchon

simplify : X + Ey + Ez =* + E***2) : [ (1 +X)
1

↳We = ( + 2)



~ the total number of particles contributiveq
to pressure is them from 0 +0 :

n = n ; + ne =

p
[2X + 4 y + 52]

Lwhere we have dropped the contribution from heavynuclei]

③

with the definition 8
= Memph we get

mean

M
=

2x + 4x + Ez molecular

weight



values

· atomic hydrogen gas (no free c , Y
= z = 0)

↳
(

= 1

· . pure fully icnized hydrogen plasma /X= z
=0)

LA M
=

t
Z

· a deep steller interior/X = 0
,
71
,
Y = 0

,
27
,
z = 0

,02)

↳ M = (2 . 0
,
71 + - 0, 27 + 2002)

= 1 , 63
-

↳ M = 0, 61



1 in ISM:

· o cold molecular hydrogen gas (no free e , y = t =0

n = ni =
-

. [Ex]
up

and from & ,
we get M

= 2

~ D molecular bydrogen with heliom/no = ,
X= 0,7 ,X= 0, 3)

n = ni=#+ 4 Y] =

-
9
,
425
u

↳
M
= 2

,
35

M
- Y2,05

· . atomic hydrogen with helium/no e, Xo,7, Yo , b)

n = ni = Emp[X + <Y] =
p

. 0
,
775

LD
n

= 1 , 3



* competition between gravity and opposing forces :
D VIRIAL BALANCE EQUATION

start with Enter equation :

Sav ; I - bit-sdit-diBjBj ++ BjjB,↳
----
thermal gravity magnetic magneticpressure pressure tension

I multiply
with Xi and SAV :

LHS /griduidV = /SxidxidU
= 682(xiqxi)dv - /9 %x ExidV

= SgJaV-Squividu
= Ed/SxixidV-2 . SsuividV

= - 2T



with I = (grdV = moment of inertia

[note : in principle requires rotation axis]

and T = E(goPdV = bulk kinetic energy
Snote : random thermal motion excluded]

RAS

first form : -[xiGiLdV = -SJdV + /EdixidU
-

div (4)- Gaus 1 + 1 + 1 = 3

=-GRxidS ; + 3SIdV

=

- 2Ts + 2U

with ternalH =
=
2 / PdV = pressure integral /molethisiit

O# Ts = pressure surface Arm = &F -d



second form Ssxidi dV = /SF .EgdV = W
-

with W = total potential energy

cterm : -6) x : 0 ; B2du = --Gi(x ; BY)dV +/DdV- 1 + 1 +1 = 3
div KB2) -Gaub

N - B2rd5 + / BdV = 3M

-O vanishes o

with magnetic energy M = SBV

fantleform : xi Bjaj B ; dV = Tm - 2 M

with T = xi B ; BjdSj = magnetic stress at surfaceM

not :T SxiBjjBidu= SoBiBj)aV-(i) BiBjav-SkB)x :Bid yv]>

GauB Sij div B = OL
· xiBiBjasj - * /BPV = Tn-2M



I all together : SCALAR VIRIAL THEOREM

- -Ei = 2/T -4) + 24 + W+

I simplifications
· neglect magnetic fields -
10 neglect surface terms -
- A consider in center of mass system-
· . steady state-

- rivial equilibrium of self-gravitating gases

2n + W = 0

with pressure integral n = =SERV
and potential energie W = ESStaV



& note : relation between 1 and Hint = internal energy
.. each degree of freedom

contributes &T per
particle

· ideal monoatomic
gas

has only translational
degrees of freedom
LA finp = nkT U = number dusity

· o at same time : ideal EOS :

E = UKT

·. with Mint = SEAU it follows

H = Hint

in this case



& for ideal monoatomic gases/V= 5/3) we
also have :

Ve = - nkT = EnkT = ( =2+ 1)nkT = e +I

↳ I = (2- 1) e which is another very
useful form of EOS

[ recall definition =]
④

& use definitions to get : H = => (2-1) Mint

* total
energy of

the system is

Etox = Hint + W



combine with vivial equilibrium /24 + W = 0)
↳ 3/2-1) Hint + W = 0

-insert into total energy equation
↳D

Exox = Mint - 3/2-1) Mint
=

- (38 - 4) Mint

because Hint > 0
,
to get bound systems

/ Etof < 8) we require

-

- no bound equilibria for EOS with U < 413 P
C

[compare also to Georges Meynet'sRature]



* what happensif 8- 4/3 ?

[recall
& consider full VT :

I = 24 + W = 3/2 - 1) Mint + W =

= 3(x - 1)(E+x - b) + 0 = 3(y - 1) +st
- (3y - 4)W

~°

& for Exof

: + ·E

-

LO zind
V 49=20 Tico d

CO ! -

- if we want Etof 10Then = < O , the system
needs to contract

LA unstable
, system gots into collapse .



* strongly self-gravitatingsystems
have mativeheat capacity of

↳ this hold for systems close to equilibriumC

↳ as system cool
,
if gets hoter

O-stars try to obey and
energy equation **

at The same time

Q wi ②
W2

Uz
->

IVE : 21 = -W -DU = ↳
in more compact state W2 > W

,

↳ H2 = I - T2 T,



- interpretation :
· System shrinks to compensate for energy
loss at its surface

· .
this releases potential energy

· . in /quasi) equilibrium , half of this energy
is used to compensate for energy loss at
surface
,
and other half goes into internal

energy , increasing the temperature
"
·

· This energy is received by outen envelope
.. development of core-halo structure

note : this applies equally well to

star clusters

↳ gravothermal catastrophy.
ly self-gram stems (close-all strong taking sy

to equilibrium) hehave This
way
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