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MHD spectra



Kolmogorov spectrum

‘Strong’ or ‘eddy’ HD turbulence _ .

Two-point correlation 106 @ N
gm

Rij(€) = (wi(x)u;(x + £))

homogeneous turbulence 1046
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1D energy spectrum
[Saddoughi+, JFM, 1994]
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Solar wind turbulence
At 1 AU
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Collisions of Alfven waves

z- =u+b Elsasser fields
Alfvén waves e o
s . 57 F bo .Vz* + 2T - Vzt = ~VP, (no dissipation)
collision
. a z~ z*
Ta ~ £/bg o
. . 2 2 _
Linear solution: | wi = (k- bo) b = B/\/kopo

Incompressible MHD turbulence is the result of collisions
between counterpropagating Alfvéen waves



Iroshnikov-Kraichnan spectrum

Phenomenology of Alfvéen wave turbulence

2t ~ 27 ~ z, balanced turbulence

2 4 EZ 3 - .
zé N2 Bk , (3-wave interactions)
wTyy  £bo bo

TANf/bO TNLNf/zg E ~v

hence the one-dimensional isotropic Iroshnikov—-Kraichnan (IK) spectrum of

wave turbulence:

E(k) = Crx/ebo k3% |,

[Iroshnikov, SA, 1964; Kraichnan, PoF, 1965]

However, in presence of a uniform magnetic field b,
Incompressible MHD turbulence is anisotropic

z- z*
bo
Sa

4 5



Resonance condition

0z S_ g5 . Vg 2(x,t) = [ Al(k,t)¢** dk
5 —sbg-Vz° =—-z2"7°.-Vz° - VP, JOOE = | ;

A3 (k,t) = eaj(k, t)e tswkt

das (k)
ot

where Pjn(k) = 5jn — kjk‘n/k2

= —icknPin [ a?(@) a5(p) " "5k — p— q) dpda
RS ) v g

Triadic interactions

Resonance condition: wy = K bo ,
g " w Alfvén wave turbulence
k= Wp —
{ ’ 17 = ¢ =0 and k =p
k =p+q,

this means no cascade along b,

[Montgomery & Turner, PoF, 1981; Shebalin+, JPP, 1983]

Gives an explanation to observations of anisotropy (in B-confinement)
[Robinson & Rusbridge, PoF, 1971; Zweben+, PRL, 1979] 6



Iroshnikov-Kraichnan spectrum revisited

Phenomenology

TNL ~ 41 [z

Ta ~ ) /bo 2zt ~ 2z~ ~ z, balanced turbulence
2
Ttr ~ LUT]2\7L ~/ (EJ_/Zg) ~ k‘”b() v zt
2.2
g”/bo kJ_ZZ M/Po
AN
¢y

We deduce from this:
Zg k’izzl N k’ﬁ_(E(kﬁL,]<,'||)I~C_Lk'||)2 N k‘jl_k'”E2(k'_|_,k'||)

E v ~Y

Ttr k||b0 k”bo bo

hence the two-dimensional anisotropic (axisymmetric) spectrum:

—1/2
[Ng & Bhattacharjee, PoP, 1997] kl, k” \V Eb k‘ k‘ /

Can be treated analytically (Alfvéen wave turbulence) !



Goldreich-Sridhar spectrum

Phenomenology

Conjecture: scale-by-scale balance between 7, and 7y,

TA ~ TNL

[Higdon, ApJ, 1984; Goldreich & Sridhar, ApJ, 1995]

_5/3 Anisotropic cascade

2/3
By~ kY
E(ky) ~ ki
b()A x -1.4 .

§ 6 | ..e..,, meoneticspectumis usec

GB % -1.8 { : } _

k) L

>/|2 C%J- 20| [Horbury+, PRL, 2008] |
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PSD [(nT)*/Hz]
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(Alfvén) wave turbulence
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What is wave turbulence?

Wave turbulence is the study of the long time statistical
behaviour of equations describing a set of weakly
nonlinear interacting waves

It is @ multiple time scale problem
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What is wave turbulence?

Usually, the system is non-isolated having both sources
and sinks (of energy or other conserved quantities)

We want to understand eg. the transport properties and
how energy might propagate through the k-space

But in turbulence, we are faced with the closure problem

12



Wave turbulence is a solved problem

There Is a natural asymptotic closure (senney & safiman, PrsLA, 1966]

A closed ‘kinetic equation’ can be derived for some
second-order (spectral) cumulants (two-point correlation)

The kinetic equation has exact finite flux solutions (called
Kolmogorov-Zakharov spectra) which capture the flow of
conserved quantities (energy) from sources to sinks

13



Alfvén wave turbulence

[Rappazzo+, ApJL, 2007; Bigot+, A&A, 2008; A=17.1nm (Fe IX) SDO/NASA
Saur+, A&A, 2002]

2011-03-07 19:59:50 UT

g o e LA

TRACE/NASA space telescope (17.1nm); June 1999 14



Alfvén wave turbulence

0z S_ _pS . Vg Bt = [ Ak t) e dk
5 —sbg-Vz° =—-z2"7°.-Vz° - VP, JGE= g A ;

A3 (k,t) = eaj(k, AR

das (k)
ot

where Pjn(k) = 5jn — kjk‘n/k2

= —icknPin [ a?(@) a5(p) " "5k — p— q) dpda
RS ) v g

Triadic interactions

15



Alfvén wave turbulence

<GZQZI/> = Qkk’(k k')o(k +K'),

(ajaz,agn) oo (kK K)o (k + K + K'), ot

s g M 1ol I
<akak/az// 0/2///> =

g (kK K" K)o (k + K + k" + k")

I

111

+ Qkk’(k k/)Qk”k”’(k// k")é (k +Kk')é (k" + k")

+ qkk//l(k k///)qk/k// (kl k//)d(k + k///) (k/ + k//)
Asymptotic closure: dajagaly)
ot N

only resonance terms survive

(A3 A%)) = €2(ajas,) exp(—i(swy + s'wy)t)

O(azaj)

. 8ak gaak/
- (Giot)+ (%)
= ie [ YL

SpSq

Sp .S 1k pot
apagrag)e Mty dpdg

—g' Squ Sp S Q1
+ / g L (ajarazs)e™ ' »a" oy podpdq .

—k'pq
/ 8akli
CL /

k/ak//a a >lszk’pqt(5k7pqdpdq

SpSq

aak aak/ §'
8t ak/ k” + ak 6t ak// —+

ie [ 3L

A(Qpgrr) = / P gt gy €T =1 t / > Lo (arainay agr)e o' 5y dpda
0 Qe SpSq
A(x) — mé(x) +iP(1/x) * / > L aqagay ag) e m' b pydpda
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Multiple time scale problem
[SG, CUP, 2023]



Alfvén wave turbulence

3-wave interactions

s T2 k- 2(k x q)3
86 (k) _ bo /RG( 1 pJ_) ( q)|| e—S(q) [es(p)—es(k)](k—p—Q)deq

ot kp% gt

where e®(k) is the energy spectrum associated with shear-Alfvén waves.

s=+ A® (k) = ik x & 9% (k) — k Ky ¢° (k) + & kT §° (k).

Axisymmetric + perpendicular cascade: 27k, e®(k) = E°(k1)f (k)

s €2
=) OE® (k1) - /() /A k—L(COSHq)2Sin0p E~*(q1) [kLE°(p1) — pL E®(kL)] dpidqy

2
ot bo 1 9L kinetic equation

Alfven wave turbulence depends on the slow mode (k, = 0)

17



Kinetic equation: exact solutions

Ei(kL) ~ k‘jb_i —P

For balanced turbulence:
Tl.,. = Nn_

ny +n_ = —4

E(ky) = Cx/bock|*

Kolmogorov-Zakharov spectrum

locality condition
—3<ng < —1

CK ~ 1.467

[SG+, JPP, 2000]

Direct cascade can be proved (positive energy flux €)
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Simulation of the kinetic equation
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DNS of Alfvéen wave turbulence
3072 x 3072

© R. Meyrand




DNS of Alfvéen wave turbulence

[Meyrand+, JFMR, 2015]

= @ — K €nergy spectra

[Meyrand+, PRL, 2016]
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Below MHD scales
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Parker, 1958 -
rarker, 19591 - Solar wind, turbulence and waves

A

[Belcher & Davis, 1971]
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Solar wind turbulence

At 1 AU
Ac~10% km Pi~100 km épe~2 km
MHD range ~ Sub-MHD range
102/ Injection o
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c _ : : :
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L 23
[Kiyani+, PTRSA, 2015]



In Lecture 1

« Hall MHD equations:

dp

o TV (w) =0, P = KnY 2016

P (E tu Vu) = VP E(v xB)x B+ vAu+ gV(V-u), = hGETomRD S

a_B:Vx(uxB)—Vx((VXB)XB)+77AB,
ot J O [one ), ,

v ~7C g
ideal standard MHD v . B = 0. \ collisions

U is the dynamic viscosity \H 11 eff
all etrect

n is the magnetic diffusivity

2 Seéhastien Galtier

P, = P/po+b%/2 / ion 1nertial length

. b =B/\/opo V-u+#0,
Incompressible case Su

' E—{—u-Vu:— P*+b-Vb+1/Au,

n;e2

di = c/wpi V-b=0,

24
d; = 100km in the solar wind (f >1Hz) at 1 AU



Incompressible Hall MHD waves

AAAB A AAB B
]bo I [ T XU R T T T T L
" A= g right H
e F F whistler wave | ws = skjkd;by -
"
¥ -
Alfvén wave P EVS
ey
2_ 2_ 2 1 [~ _
W —(bok”) —(b()'k) . s -
N N
A= —s

ion-cyclotron wave

il lwis = Sk”bo/(dik) |
0 | 2 9 4 left 5

k*d,
s=+1 and A==%1

25



Incompressible Hall MHD waves

AAAB A AAB B
| _ right
. I A =s ) 4 |
e F F whistler wav s = skykdby
"
k;’ -
Alfvén wave - =
2— 2_ 2 vtl |~ —
W —(bok”) —(b()'k) . s -
T S
A= —s
ion-cyclotron wave
~~~~~ w2, = skybo/(dik) |

0 ] e 3 4 leﬁ )

s=*+=1 and A==%1

26



Electron MHD (EMHD)

V.-u=0,

g—l:+u-Vu:—VP*+b-Vb+VAu,

%_t:+u.vb:b-Vu—diVx((be)xb)—H?Ab,

V-b=0,

l Small-scale limit ¢ < d;

Ob

5 = —d;V x ((V xb) x b)+nAb

* lons are too heavy to follow electrons (u = u; =0)

« Two ideal invariants: EP direct cascade of energy
H® inverse cascade of helicity
27



PSD [nT?/Hz]

108
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107!
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10*10

Helicity barrier
[Meyrand+, JPP, 2021; Squire+, Nat. Astron., 2022]

/,» 2 y‘w Imbalanced turbulence => H" # 0

S T— > B,

(for balanced turbulence, H>=0)
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PSD [nT?/Hz]
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Helicity barrier
[Meyrand+, JPP, 2021; Squire+, Nat. Astron., 2022]
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P(\Delta B)

Wave turbulence in the solar wind

10* St Al Lo =
0 ol N sub-MHD | = ion cyclotron |
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[Bowen+, Nat. Astron., 2024]
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Strong EMHD turbulence

({;—lt):—d,éVx((be)xb)—l—nAb V-b=0,
Phenomenology: Tn ~ £2/(d;be) £ ~ Bk d; k"2 E32 (k)

Ttr

=» | E(k) ~ (¢/d;)?/3k~7/3 | 1D isotropic spectrum

[Biskamp+, PRL, 1996]

Ek k7/3

10 - [ | IIIIIII | ] llllll[ L lllllﬁ
- 20487 i (b) [Cho & Lazarian, ApJ, 2009; SG, PRE, 2008]
i E ) 3 R She—Leveque ﬁﬁf*zzgw :
y = A Muller—Biskamp L o
B E n 2 d B o "0,7”“” T
" | | r '10:1 <>/
107" 1 i E o /
= : E 1 b _
kdg =1 1 ] [ ([b(x +r) —b(x)P) ~ rée
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Strong EMHD turbulence

E(k)k

V-b=0,

~ dzl{}7/2E3/2(l€)

1D 1sotropic spectrum

[Cho & Lazarian, ApJ, 2009 SG, PRE, 2008]

b
%—t = —d;V x ((V xb) xb)+nAb
Phenomenology: Tn ~ £2/(d;be) £ ~
b
=> | E(k) ~ (¢/di)*?kT/3
[Biskamp+, PRL, 1996]
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Weak EMHD turbulence

a,b -1 d,-b08||(V X b) = —d,V X [(V X b) X b], Vb= 0,
b| < |bo|
- Fourier transform
- Use a complex helicity basis: hé(k)=h§=(&,x&)X&,+is(&x8),

is(&Xh$)=h, Kk-hi=0, h{ -h{=
bk=Esas(k)e_i“"k’hf(EEsaf(e_i“"k’hi ,

Linear solution:  w = d;bok)k  (helical wave)

A\ Y S S /
—p o"taf(= Espsq L Piq Pq de'Sk.pq

'S d three-wave
—kpq 'p “q k

P9 “P49° interactions

L>°pSa= ﬂ [(q-h)(h®-h’9) —(q-hP)(h-h9)]
kpq 2kiqkpqqpkq'

kpg= SWr™ Spw,— 8,0,

33



Wave turbulence in EMHD

ki > k| >0 E\, Hy: axisymmetric spectra

E4, €2 spPLKID| (8491 — $pp1 \° :
81;{ } = E Z P L a k” P (SkJ_ + SpP L +Squ)2 Sin 9q

88p8q

{SkJ_ [Eq(pLEx —k1Ep)/(kip1qL) + sqHy (sHy — SpHp)]}
Eq(s Hj, — spHp)/QJ_ T 84 Hq(p.LEk - kJ-Ep)/(kJ_pJ_)

6(ky +py + q) 6(skLk) + sppip) + 54q1q)) dpLdqidp)dg -
[SG & Batthacharjee, PoP, 2003]

Kolmogorov-Zakharov spectrum

H,=0 Zakharov-Kuznetsov
Ey ~ k' |k |™ transformation ‘ n=—5/2, m=—1/2 ‘

Direct cascade of energy

34



Direct numerical simulation

AsteriX (pseudo-spectral) code — © Meyrand
Resolution: 1024x1024x128; by=1

Hyperdissipation; forcing at 1.5 < k; < 2.5 |k, =1
No magnetic helicity injection

Kinetic-Alfvén wave turbulence

b
i ‘ 200

pore |

—0.4 —0.2 0.0 0.2 0.4
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%) L

&/ L

Weak turbulence © David Strong turbulence




Direct numerical simulation

64 [Dav1d+, PRL’ WedneSday] Waves carying information
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Direct numerical simulation

10° e —

o ko

55 10—10

10—15

10-%°

100

10~°

~ —10
— 10
&3

10—15

10—20

[David+, PRL, Wednesday]

Weak Kinetic-Alfvén wave turbulence
IS monofractal

C(p) = 3p/4

—~~ 101' e
m
= ,f;»":"//
% /
10—3 F S S S S S W S S—
—()‘.04 ._.0'02. ' .O',OO. _ 0{02 - ]().IO4'
%
3
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4 -_ .......... 3p/4 @ Weak i
I e
.......... 2p/3 & Strong _.‘..‘.c-
g ]
3 ----- log-Poisson P ;
I G o
i e -3‘_';.0*’
B O e ]
o Pt
[ ._, we @ p C( )
[ g — —_
154 p = (|0b]7) = Cpr>P)-
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Super-local wave turbulence

Kinetic equation

O0<ep~eg K1
pJ_:kJ_(l‘I_Gp)

q.L :kJ_(

1+ €q)

Taylor expansion

nonlinear diffusion equation

OE (k))
ot

e
Ok,

[kZan)

O(E (k) /ky)

Ok,

|

Kinetic Alfvén wave turbulence

— ka-E (ki)
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Super-local kinetic-Alfvén wave turbulence

ki =2/

ot ok,

1l

104

[David+, ApJL, 2019]

10°

Energy

108 4

E(k.)

103 .

10! 102 10° 104 10°

10! 102 103 104 10°

L

| =-8/3 emerges as a non-stationary solution !

It is a collisionless solution

[Huang+, ApJL, 2021]

-
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Collisionless wave turbulence

The exact stationary solution (-2.5) is reached for t > t.

Viscous effects affect

1075

L0 the entire inertial range
but solar wind is free and
it non-viscous

102

4TI, s =% =-8/3 can be the solution

[David+, ApJL, 2019]
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Thank you !
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