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Line Radiative Transfer



Line RT equation
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In contrast to dust, the opacities of gas are related to line transitions ruled by 
quantum mechanics.

 Atoms or molecules have discrete energy states (level) to vibrate, rotate, 
and to occupy their electron shells. 

𝐼𝑖𝑗

𝑑𝑟
= 𝑗𝑖𝑗 − 𝑖𝑗𝐼𝑖𝑗

1D RT equation without polarization:

i = upper level
j = lower level

where each transition is related to a distinct frequency 𝑖𝑗



Line absorption and emission
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For line transitions, the emissivity

and absorption

are linked to the type of atom/molecular via the Einstein coefficients for 
spontaneous emission 𝐴𝑖𝑗, absorption 𝐵𝑗𝑖, and stimulated emission 𝐵𝑖𝑗.

Note, these coefficients are not independent but obey

and                            where 𝑔𝑖 and 𝑔𝑖

are statistical weights. 



Line broadening
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Each transition frequency 𝑖𝑗 is exactly one sharp peak but the emission and absorption profile may 

become broadened by various effect. 

Gaussian broadening profile:
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𝑐

𝑎𝐷𝑖𝑗
𝑒𝑥𝑝 −

𝑐2(− 𝑖𝑗)
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2𝑖𝑗

2

Line width: 𝑎𝐷= 𝑎𝑡ℎ
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(thermal + microturbulence)

𝑖𝑗 𝑖𝑗

Lorentz profile (Cauchy profile, Breit-Wigner profile):
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 − 𝑖𝑗
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Line width:  = 𝑛𝑎𝑡 + coll
(natural + collisional)



The total broadening profile
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Combining all four effects of broadening (thermal, micro turbulent, natural, collisional) 
requires the convolution of the profiles:

𝐹 ′, 𝑎′ = න
0


 𝑥  𝑖𝑗 +  − 𝑥 𝑑𝑥

This defines the Voight profile defined by the 

Parameters ′ =
−𝑖𝑗
𝑎𝐷

and 𝑎′ =

𝑎𝐷

Note: For the 1D line RT problem, the Gaussian 
profile is a valid approximation; for line RT with 
the Zeeman effect, the side lobes of the profiles 
need to be exact.



Level population
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• In local thermodynamic equilibrium (LTE), assume that the level population and gas are in equilibrium
𝑛𝑗

𝑛𝑖
=
𝑔𝑗

𝑔𝑖
𝑒𝑥𝑝 −

𝐸𝑗 − 𝐸𝑖

𝑘𝐵𝑇𝑔

• Non-LTE e.g. Large Velocity Gradient (LVG) method:

Statistical equilibrium equation including collisions

with probability to escape without further absorption

with optical depth

and radiation field



Atomic and molecular data
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https://home.strw.leidenuniv.nl/~moldata/

https://spec.jpl.nasa.gov/



Outflow observations
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Le Gouellec+ 2019



MW spiral arms
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Velocity map of 21 cm neutral hydrogen emission in the Milky Way



Detecting the MW spiral arms
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Reid+ 2019, Reissl+ 2020 

Reissl+ 2020 



The Zeeman effect
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𝐵



LOS

Coordinate 
system of the 
Stokes vector

ො𝑥

ො𝑦



The Zeeman Effect
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𝐽
𝐽𝑧=Mħ

circular orbit of e

vibration of e

 circular polarization only along 𝐵



The Zeeman RT problem

Reissl: Radiative Transfer Feb. 23, 2024

K: atomic angular momentum
J: orbital  angular momentum
F: total angular momentum

The line RT equation including polarization:

Line strength between sub-level: 

Magneto optical matrices: 

𝑑 Ԧ𝑆
𝑑𝑟

= −𝐾 Ԧ𝑆+ Ԧ𝐽

K =
𝑁

2
S0 

M′,M′′

SM′,M′′ F υ′, a′ AM′,M

with the transfer matrix for the Zeeman effect



Correlation between Stokes I and V
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From the RT equation directly follows:

→ Zeeman observations can trace the LOS magnetic field strength 𝐵|| = 𝐵0 cos 𝜗

Crutcher 1993

where is the Zeeman shift

It can be shown that Stokes V and I are correlated



B-field trengths molecular clouds
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Crutcher 1993



Zeeman effect in disks
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Synthetic 113.170 GHz CN line emission including Zeeman effect

Brauer+ 2017

The Zeeman effect is detectable for inclinations <60° and fields < 1mG



Polarized Synchrotron Emission
&

Faraday Rotation



Synchrotron emission
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• Synchrotron emission is produced by highly energetic 
cosmic rays (CR) spiraling in a magnetic field

𝑐 =
𝑒𝐵

2𝑚𝑒𝑐
• Characteristic cyclotron frequency

• Spectrum of a single electron

where 𝐾5/3 is a modified Bessel function

• The energy distribution of cosmic-ray electrons is 
roughly a power law

with power-law index 𝑝 and Lorentz factor 

𝑛𝐶𝑅()=ቊ
−𝑝 𝑓𝑜𝑟 𝑚𝑖𝑛 <  < 𝑚𝑎𝑥

0 else

𝜗

LOS

ො𝑥

ො𝑦
• Due to relativistic effects linearly polarized light is 

emitted in a very narrow beam



Thermal electrons
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https://en.wikipedia.org/wiki/Faraday_effect

• In hot, diffuse regions of the ISM, the gas can be highly ionized leading 
to thermal (free) electrons

• Thermal electrons with a dimensionless electron temperature: 

• Light traversing a magnetized relativistic plasma undergoes both 
Faraday conversion (FC) (U  V, s. dust polarization) and Faraday 
rotation (FR) (Q  U)

• For temperatures  > 1 the thermal electrons follow a velocity distribution 



 Faraday rotation traces the LOS magnetic field strength 𝐵||

• These electron may be relativistic but not energetic enough for 
synchrotron radiation



Transfer coefficients
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Since the total power 

may be evaluated by a double integral over a Bessel function, the calculation of each matrix element is very time consuming

𝑃 = න
𝑚𝑖𝑛

𝑚𝑎𝑥

𝑃  𝑛𝐶𝑅()𝑑

The synchrotron emissivity e.g. is then 

Pandya 2016

𝑃𝑙 =
𝑗𝐼
𝑗𝑄

=
𝑝 + 1

𝑝 + 7/3

𝑗𝐼  𝑛𝐶𝑅

Note that                                         i.e. the maximal linear polarization is completely 

determined by the power-law index p.

Similar approximations exits for the emissivities 𝑗𝑄 and 𝑗𝑉 and the absorption coefficients I, Q, and V. 

 Use approximate solutions for  > 𝑐

FR and FC can be exactly calculated: FC coefficient

FR coefficient



The RT equation 
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Stokes U  V

Stokes Q  U

First, rotate Stokes vector in the reference frame of the magnetic field

Synchrotron RT equation including FC and FR:

Stokes I  Q

Stokes I  V

synchrotron emission

Faraday rotation

𝑑

𝑑𝑟

𝐼
𝑄
𝑈
𝑉

= -

I Q 0 V
Q I V 0

0 V I Q
V 0 − Q I

𝐼
𝑄
𝑈
𝑉

+

𝑗I
𝑗Q
0
𝑗V



Faraday depth vs. rotation measure
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• Faraday depth:  =
1

2

𝑒2

𝑚𝑒
2𝑐2

න
source

observer

𝑛𝑡ℎ𝐵|| 𝑑𝑟  = 0.811 rad m−2න
𝑠𝑜𝑢𝑟𝑐𝑒

𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑟 𝑛𝑡ℎ
cm−3

𝐵||

µG

𝑑𝑟

pc

• Rotation measure (RM): 𝑅𝑀 =
𝑑
𝑑2

where  is the polarization angle

, 

 Observed polarization angle = source + 2

Credit: Ariel Amaral

Here,   𝑅𝑀 but note that the polarization angle  may be ambiguous by   + 𝑛! 

• In general both are not the same   𝑅𝑀!



Faraday rotation measure synthesis
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Observational ambiguities: 
• The medium is synchrotron active i.e. emits polarized radiation
• The polarization angle of the source is not constant over 

Idea: Define complex polarization                             and calculate the

Faraday dispersion function:

Problem: Observational range is not infinite but limited within 𝑚𝑖𝑛,𝑚𝑖𝑛

defining a window function

What we get is the convolution



Faraday rotation measure synthesis
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The Faraday rotation measure synthesis is a mathematical technique of deconvolution to recover the dispersion 
function   and even individual RM components. https://github.com/crpurcell/RM-tools

“Numerical experiment”: By 
reducing the intensity of the  

background source, the 
synchrotron active medium 

becomes apparent. The 
dominant RM can still be 

recovered in the spectrum.



RM in the MW
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Reissl, Klessen, Pellegrini, Rahner, Pakmor, Grand, Gómez, 
Marinacci & Springel Nat Astron 2023

Grand+  2017,  Pellegrini+ 2018

Auriga Au-6 galaxy



The local bubble in RM
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Maconi, Reissl , Soler, Girichidis, & Klessen in prep.



Zeeman vs. RM
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Thermal electrons may be 
constrained by relating the 𝐻
luminosity to the electron density

𝑅𝑀~න𝑛𝑡ℎ𝐵|| 𝑑𝑟 ~𝑁𝑡ℎන𝐵|| 𝑑𝑟

SILLC MHD simulation Synthetic Zeeman HI and RM observations

Haid+ 2019

Reissl+ 2021



B-fields in the early universe
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Reissl, Klessen, Pillepich, Mao, Pakmor & Nelson in prep. 

Mao +2017

IllustrisTNG galaxy @ z =0.5 Nelson+ 2019

Reissl+ in prep.



What tracer is dominant?
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Dust scattering needs to be 
taken into consideration for 
wavelengths  < 10 µm



RT codes
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Name Type Reference Main application

SKIRT MC, RayT Baes et al. (2003, 2011) Galaxies, AGN, lines, dust

TRADING MC Bianchi, Ferrara & Giovanardi (1996), Bianchi (2008) Galaxies

RADISHE MC Chakrabarti et al. (2007), Chakrabarti & Whitney (2009) Galaxies

RADMC-3D MC, RayT Dullemond in prep. SF disks, dust & line RT

MOCASSIN MC Ercolano, Barlow & Storey (2005) Photoionized regions

POLARIS MC, RayT Reissl+ (2016, 2018) magnetic field detection, dust & lines

STOKES MC Goosmann & Gaskell (2007) AGN

DIRTY MC Gordon et al. (2001), Misselt et al. (2001) Galaxies, nebulae

TORUS MC Harries (2000), Harries et al. (2004) SF disks

SUNRISE MC Jonsson (2006), Jonsson, Groves & Cox (2010) Galaxies

CRT MC Juvela & Padoan (2003), Juvela (2005) SF clouds

MCMax MC Min et al. (2009, 2011) SF disks

STSH MC Murakawa et al. (2008) SF disks

MCTRANSF MC Niccolini, Woitke & Lopez (2003), Niccolini & Alcolea (2006) SF disks

mcsim mpi MC Ohnaka et al. (2006) Carbon stars

MCFOST MC Pinte et al. (2006) SF disks

HYPERION MC Robitaille (2011) SF clouds

PHAETHON MC Stamatellos et al. (2004, 2005) SF cores

STEINRAY FD Steinacker et al. (2003) SF disks

(no name) RayT Steinacker, Bacmann & Henning (2006) SF cores

HO-CHUNK FD Stenholm, Stoerzer & Wehrse (1991) SF disks, AGNs

MC3D MC, RayT Wolf & Henning (2000), Wolf (2003b) SF disks, dust



POLARIS
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• MC dust heating: Continuous absorption and temperature correction, stochastic heating of small dust 
grains (PAH)

• Dust model: Independent composition of dust grain materials and size distributions
• Grain alignment: Internal alignment, Davis-Greenstein (IDG), radiative torques (RAT, wrong alignment, 

MRAT), mechanical alignment of dust (MAD), rotaional disruption (RATD)
• Sources: Stars, star fields, background radiation, ISRF, thermal dust re-emission, AGN, laser
• Dust polarization: (Self)scattering, scattering on non-spherical grains, dichroic extinction, thermal re-

emission, spinning dust microwave emission
• Free-free emission
• Line polarization: Zeeman effect, atomic alignment, level population methods of local thermodynamic 

equilibrium (LTE), free-escape probability (FEP), large velocity gradient (LVG)
• Synchrotron polarization: Emission and Faraday rotation by thermal and cosmic-ray electrons
• Optimization: Forced first scattering, Wavelength range selection, Peeling-off, sub-pixeling, OpenMP

parallelization
• Native AMR grids: Spherical, cylindrical, Voronoi, Octree

https://www1.astrophysik.uni-kiel.de/~polaris/


